ON COMBINATORIAL CALCULATIONS FOR THE JAMES-HOPF 

MAPS 



JIE WU 



Abstract. We give some formulas of the James-Hopf maps by using combinatorial 
methods. An application is to give a product decomposition of the spaces 171]^ (AT). 

1. Introduction 

In this paper, we give some formulas of the James-Hopf maps by using combina- 
torial methods. 

Let X be a pointed space. The James-Hopf map Hk : J{X) J{X^''^) is defined 
by setting 

Hk{XiX2 ■ ■ ■ Xn) = n {Xi^Xi^ ■ ■ ■ Xi^) 

l<n<j2<--<ifc<n 

with left lexicographical order in the product, where X^''^ is the fc-fold self smash 
product of X and J{X) is the James construction of X. The first result is as follows. 

Theorem 1.1. Let X = HX' be a suspension of a CW- complex X' . Then the com- 
posite 

is a loop map, where Si = [[E, ■ ■ ■ , E] : X^''^ JX is the l-fold Samelson product 
and \/i>kSi : J{\/i>kX^''^) JX is the homomorphism of topological monoids induced 
by \/i>kSi. 

Corollary 1.2. Let X = EX' be a suspension of a CW- complex X' . Then 

JX« h JX jx^'^) 

is a loop map for I >k. 

The second calculation is to give a decomposition of the compositions of James- 
Hopf maps. 
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Notation 1.3. The map L^.i : ^^^'^ JX'^^^'i is defined by 

Lk,i{^i A X2 A • • • A Xkl) = 

TT (Xjh A ■ ■ ■ A x,n A ■ ■ ■ A x,3s A ■ ■ ■ A Xji ) 

, 'i 'fe 'i 'fc 

i<ji<-<ji=M,i<«f <-</f =i. 

where (/{\ ■ ■ ■ - ■ ■ Ji ,■ ■ ■ runs over shuffles 0/ (1, ■ ■ ■ , kl) with left lexico- 
graphical oder. 

Let Lk^i : JX^^'-^ — > J^^^^ denote the homomorphism of topological monoids induced 
by Lk,i. 

Proposition 1.4. Let X = HX' be a suspension of a CW-complex X' . Then 

HioHk^ Lk,i o Hki : JX ^ JX^^'^ 

An application is to give a product decomposition of QEX if X is a suspension. 

Notation 1.5. Let X = EX'. The map /3„ : X^") X^") is defined by induction 
Pn = Pn-i A 1 - (1, 2, . . . , n) o {Pn-1 A 1) and (32 = id - (1, 2), where (1, 2, . . . , n) G 
S„ acts on X^'^^by permutating coordinates. Let p be a prime. Denote L„(X) = 
hocolimip^X'^'^^ localized at p if n ^ Q (modp). 

Notice that the mod p homology of the spaces -L„(X) are represented by the Lie 
elements of weight n in the tensor algebra T{H^{X, Z/pZ). 

Theorem 1.6. Let X — EX' be a suspension of a CW-complex X' . and let 1 < 

kl < k2 < ■ ■ ■ be a sequence of integers so that 

(1) kj ^ 0(p) for each j > 1 

(2) kj is not a multiple of any ki else for each j. 
Then 

JXc^l[j{Lk.{X))xl 

j 

localized at the prime p. 

The article is organized as follows. In Section 2, we introdTicc the groups Kn{k){X). 
The combinatorial calculations and the proofs of Theorem 1.1 and Proposition 1.4 
are given in Section 3. The proof of Theorem 1.6 is given in Section 4. 

2. The groups Kn{k){X) 

In this section, we consider certain subgroup in the group [X", J(X'^^)], where X"' 
is the n-fold self Cartesion product of X and X^'^) is the X-fold self smash product 
of X. When k — 1, these groups have been studied by Fred Cohen [C3]. 



ON COMBINATORIAL CALCULATIONS FOR THE JAMES-HOPF MAPS 3 

Notation 2.1. Let X = SX' be the suspension of a space. Denote Kn(k)(X) the 
subgroup of [X"", JX^''^] generated by the homotopy classes of the maps 

with 7rj^....j^(xi, • ■ ■ = E{xi^ A ■ ■ ■ A Xi^), where X" is the n-fold self Cartesian 
product of X , X^^^ is the k-fold self smash product of X and E : X^^'^ JX^'^'> 
is the suspension. If there is no confusion, we simply denote Knik) for Kn{k){X) 
and denote Kn or Kn{X) for Kn{l){X). Denote {xi^lxi^l ■ ■ ■ |xi^} for the homotopy 
class o/7rij...ij. and denote {x|"^^|x|"^^| • • • |x|"'''} for the homotopy class of the map 
f : X'' ^ JX^'^) with f{xi, • • • , x„) = E{[ni]{xi,) A [riaK^jJ A • • • A K](xjJ), where 
[n] : X ^ X is the composite 

X ^ v"^ ^ X, 

where ip is the comultiplication and v is the fold map. 

Lemma 2.2. Let X — EX'. Then, in the group [X", JX'^'^^], the following identities 
hold: 

(1) 

\^i2 I ■ ■ ■ l-^ife } 1 

if is = it for some 1 < s < t < k 
(2) 

r^["iluM| . . . |„K]i _ r I I . . I \n1n2-nk 

(3) 

[[{XjJXjjl • • • \Xi^}, {^jfc+il^jfc+2l ■ ■ ■ I^i2fc}' ■ ■ ■ ' {-^io-ijfc+i l'-''j(;-i)fc+2 I ■ ■ ■ l-^iifc}] ~ ^ 

if is = it for some 1 < s < t < kl, where [[ai, 02, • • • ,ai] = [■ ■ ■ [ai, 02], • • • ,],ai] with 

[x,y] = x~^y-^xy. 

(4) 

[[{^n 1^12 I ■ ■ ■ l^ifc} S {^jfc+i l^jfc+2 I ■ ■ ■ I'^j2fc} ^t'"' ' {•^jo-i)fc+i l'^i((-i)fc+2 I ■ ■ ■ l-^iffc} '] ~ 

\\{^. 1^. I . . . I . \ I T' ■ 1^- I • • • 1^- \ • • • I • • • 1^- \1^1^2'"^/ 

Proof: (1) By a shuffle map, we may assume that ii — 12- Notice that {xi^ \xi^ | • • • \xi^} 
is represented by the composite 

where pi^...if_{xi, ■ ■ ■ , Xn) — Xi^ Axi^ A • ■ ■ A Xi^. Since ii — i2, there is a commutative 
diagram 
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II ^ T 

where A : X — > X A X is the reduced diagonal map. Since X = EX' is a coH-space, 
A is null. Thus (1) follows. 

(2) The element | • • • is represented by the composite 

The assertion follows from the following homotopy commutative diagram 

4 JXW 

01 T T 02 
xi>^) 4 jx«, 

where m : JX*^*^) ^ JX'^^^ is the power map of degree m, 0i = [ni] A • • • A [n^] and 
(f)2^ni- --nk. 

(3) The element [[{arija;^^! • • • M, ■■■ , {xi^i.^^^+Mi^i.^.+^l ' ' " l^kJ] is represented 
by the composite 

where = -E], • • • , £J] and 

q{xi, X2,-- - , Xn) = {Xi, A • • • A XiJ A (x^,^^ A • • • A x^^J A • • • A (xi^,,^),^^ A • • • A x^^J. 
Since = for some 1 < s < t < kl, there is a commutative diagram 

II T A 

for a choice of reduced diagonal map A. Thus (3) follows. 

(4) The element [[{x^Jxi^l • • • M^'^'K ■■■ , ■ ■ • ki,J'"''] is repre- 
sented by the composite 

where q{xi, - ■ ■ ,Xn) — Xi^ A ■ ■ ■ A Xj^.,. the assertion follows from the homotopy 
commutative diagram 
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II 

(XW)« ^ jx(^) 

II 

jx« ^ jx« 

where = [[E, E], ■ ■ ■ , E] and i/; = {EY^\ 

Lemma 2.3. Let X = SX' and let Hk : JX ^ JX^^^ he the k-th James-Hopf 
map. Let (i/fc)* : [X'^', JX] — > [X", JX^'^'^] be the function induced by Hj.. Then, for 

y ~ -^ii ■^12 ' ' ' ■^ii ^ ^ri) 

i<ji<-<jk<i 

i<ji<-<jk<i 

in Kn{k) with left lexicographical order. 

Proof: The element y is represented by the composite 

xn A X' "W"^^ X^ ^ JX, 

where p is the projection and q{xi, • • • ,Xn) = (a^jj, • • • jXjJ. The assertion follows 
from the definition of Hk and the above lemma. 

3. Combinatorial Calculations 

In this section, we give some combinatorial calculations and give proofs of Theorem 
1.1 and Proposition 1.4, where Theorem 1.1 is Theorem 3.10 and Proposition 1.4 is 
Proposition 3.14. 

Definition 3.1. The tensor product ® : [Z, JX] x [Z, JY] [Z, J{XAY)] is defined 
as follows: 

[/] ® [9] represented by the composite 

Z A ZAZ ^-^ JXAJY A J{X AY) 

for f : Z ^ JX and g : Z ^ JY , where c{{xi ■ ■ ■ Xn) A {yi ■ ■ ■ ym)) = {xi A yi) ■ {x2 A 
yi) • • • {Xn A Vi) ■ {xi A y2) ■ {X2 A ya) • • • {xn A 1/2) • • • {xi A ym) ■ {x2 Aym)--- {Xn A ym) 



Remark 3.2. The tensor product was introduced by F.Cohen[C2] 
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Lemma 3.3. Let X = EX' and let : [X", JX^'^)] x [X", JX^)] ^ [X", JX('=+')] 6e 
t/ie tensor product. Then 

is a group homomorphism. Furthermore, 

ah ® {xlr^ I • • • |xf '1} = 6a ® {xl^^l I • • • |xf '1} 
z.e. — ® I ■ ■ ■ ja^"'^} factors though the ahelianization Kn{k)/[Kn{k), Kn{k)]. 

Proof: Let a = {x^J ■ ■ ■ Ixj^,} be a generator in Kn{k). Then 

S T" ^ ^"^1 ^ I • • • I 1™ - I T* ^^^^ I • • • I "T* t'^^^ "1. 

— X-^j^ \-^32\ \'^3k\'^n I I'^'i; / 

— ({XjJXjjl • • • \Xjf.} ® {^i-^^ I ■ ■ ■ ^i/ }) 

Let Oi, 02, • • • , be sequence of generators in Kn{k). Then 

{a, ■■■as)® {xt\xt\ ■ ■ ■ klr^} = (ai ® {4:'^\4:'^\ ■ ■ ■ 14?'}) " " • 

Thus — (g) {a^l^^'la^l"^'] • • • 1^^'^} ^ group homomorphism. By the Lemma 2.2, 

ab ® 1| • • • jxf = 6a ® {^-l klr' | ■ ■ ■ 

The assertion follows. 

Lemma 3.4. Lei X = SX' anfi /ei (/7fc), : [X", JX] ^ [X", JX^'^)] be the function 
induced by : JX — >• JX^'^K Then, for a = x^^ ■ ■ ■ x^'' and y = x^''^^ ■ ■ ■ x^''^'' in 
K„, 

{H,Ua ■ y) = {H,Ua) \{{ [] {Hu-sUa) ® {^X'^^l • • • kfcr^}), 

3=1 l<ll<---<la-l<ls=j,l<S<k 

where the order o/ ni<ii<...<«s_i</s=j,i<s<fc can be chosen to any order. 

Proof: By induction on q. If g = 0, the assertion is trivial. Suppose that the assertion 
holds for g — 1 and y = x^^''^^ ■ ■ ■ x^^^'' . Let b denote a ■ x^^^^ ■ ■ ■ x^''^'''^ . By lemma 
2.3, 

{HkUb ■ = {H,ub) ■ n • • • ktr'i4::r^})- 

l<ll<---<lk-i<p+q-l 

Let 

n {4;;-V-i<"r'i4::r'}). 

l<ll<-<lk-i<p+q-l 
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By Lemma 2.2, the elements in the product w commute each other. Thus 

= (i/,_04«)®{^!::r'}+ 

E (i/.-.).(a)0{xi:-^v--ki:r'}- 

l<;i<---<is=g,l<.s<A; 
The assertion follows. 

Lemma 3.5. Let X = EX' and let (Hk)^ : [X", JX] [X"", JX^''')] be induced by 
Hk-.JX^ JX^^\ Then 

in [X", JX^'^+i)] form>k>l. 

Proof: By induction on k. \l k = 1, Hi is the identity and the assertion fol- 
lows from Lemma 3.3. Suppose that the assertion holds for < k and consider 
{Hk)>t{[[Xil , ■ ■ ■ ,x^J^])0Xj with m> k. Let < xj > denote the subgroup oi Kn{k + 1) 
generated by all of the elements {^aj • • • la^^a^+i} so that a^+i — j- Then, by Lemma 
2.2, < Xj > is abehan. Thus the product is the sum in < xj >. Let zj — x^^. . Then 

{Hk)*{[[zi, ■■■ ,Zm\)®Xj^ • • • , Zm-lY^ ' ' [[^1, • • ' , ^m-l] " ^m) ® Xj 

= E {Hs)*{[[zi, ■■■ , Zm-l\~^) ® {Ht)^{[[zi, ■■■ , Zm-l]) ® Xj 
s+t=k 

+ E (Hs)^{[[zi, • • • , Zm-l]~^) ® (8) {Ht)*{[[zi, • • • , Zm-l]) ® Xj 

s+t=k-l 

+ Yl {Hs)*{[[zi,- ■ ■ ,Zm-l]~^) <^ {Ht)*{[[zi,- ■ ■ ,Zm-l]) <^ Zm<^ Xj 
s+t=k-l 

+ Yj iHs)^{[[Zi,- ■ ■ Zm-l\~^) ® ® {Ht)^{[[zi,- ■ ■ ,Zm-l\) 'S) ZmlS) Xj. 
s+t=k-2 

By Lemma 2.2, 

{Hs)*{[[zi, ■ ■ ■ Zm-l]~^) ® Z~^ (8) {Ht)4[[zi, ■■■ , Zm-l\) ® Zm ® Xj = 1. 

By induction, for 1 < i < A; — 1, 

{Hs)*{[[zi, • • • , ^m-l]""^) ® {Ht)*{[[zi, • • • , Zm-l\) ® Xj = 1, 

{Hs)*{[[^\, • • • , (8) 2;;;^ ® {Ht)^{[[zi, • • • , ® Xj = 1, 

and 

• • • , Zm-l\~^) ® (-f/"t)*([[2;i, • • • , Zm-l]) <^ Zm<^Xj ^1 
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Also, by induction, we have 
and 

{Hk-l)^{[[zi, ■■■ , Zm-l]~^) ®Zm® Xj = 1. 

Thus 

{Hk)*{[[zir ■ ■ ,Zm\)®Xj = {Hk)*{[[zi,- ■ ■ ,Zm-l]~^)®Xj + {Hk)^{[[zi,- ■ ■ ,Zm-l\)®Xj 
= {Hk)*{[[Zi^, • • • , Zm-l\) ® Xj + {Hk)^{[[zi, • • • , Zm-l\) ® Xj 

with m — l>k. Now • • • , -^m-i] is represented by 

and ^, • • • , Zm-i] is represented by 

where q{xi, X2, • • • , x„) = A • • • A x^^.i. Thus 

{Hk)*[[zi'^, • • • , = • • • , Zm-i] 

and the assertion follows. 

Remark 3.6. This lemma does not hold for m <k, e.g. {Hi)^{x\) <S> X2 — {xi\x2} 
and {H2)*{[xi,X2\) <S> X3 ^ {xi\x2\x3} ■ {x2\xi\x3}~'^ . 

Definition 3.7. Let G be a group. The lower central series T'^G is defined by 
induction 

r^G^G 

and 

pfe^ ^ [r'^-^G, G] 

for k>2. 

Theorem 3.8. Let X = EX' and let {Hk)* : [X", JX] [X", JX(^)] be induced by 
Hk-.JX^ JX(^). Then 

{Hk)*{a ■ y) = {Hu)*{a) ■ {Hk)*{y) 
for a G T^Kn and y G Kn, i.e. {Hk)* restricted to is a V^K^-map. 
Proof: It suffices to show that 

• • • ,<r] • y) = {HMKir ■ ■ xz\ ■ 

ior m > k. Let y — x''j^ ■ ■ ■ x'^*. Let zj — x^^ and ys — x^f^. By Lemma 3.4, 

{Hh)*{[[zi, ■■■ ,Zm\-yi---yt)^ 
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{Hk)^{[[zi,--- ,Zra)\[{ n {Hk_,)^{[[zi,--- ,Zm])'^{yn\---\yu]). 

3=1 \<ii<---<is-i<is=3,l<s<k 

By Lemma 3.5, 

{Hk-s{[[zi, • • • , Zm]) ® {Vn I • • • \yis} = 1 

for 1 < s < A; - 1. Thus 

t 

{Hk)*{[[zi,--- ,Zm\ ■yi---yt) = {Hk)^{[[zi,--- ,Zm)Yl{ U {Viil ' ' ' Ivij) ■ 

j=l l<ii<--<ik-i<ik=j 

= {Hk)*{[[zi, ■ ■ ■ :Zm\){Hk)*{yi ■ •■yt)- 

The assertion foUows. 

Lemma 3.9. ( see also [Bl]) Let X he a path- connected CW-complex and let f, g : 
JX QY so that f\j^x — qIj^x for each n. Then f g. 

Proof: There is a homotopy equivalence $ : E Vj^^ X^") HJX so that = 
"^Iev" xii) '■ SV7=l-'^^■'^ — > S J„X are homotopy equivalences. Denote g' : T,JX — > 

Y the adjoints of / and g, respectively. Let ij : 'EX^^'> — > EV^^X^'*) be the canonical 
inclusion. Since f\j^x - g\jr,x for each n, o $„ ~ g'\j^j^ o $„ for each n and 

therefore /' o $ o -i^ ~ 51' o $ o ij for each j. Let Fj : T,X^^^ A ^ F be a homotopy 
between /' o $ o ij and g' o^oij. Then F = yf^^Fj : (E yjL^ X^^)) A /+ ^ F is a 
homotopy between /' o $ and g' o The assertion follows. 

Theorem 3.10. Let X = EX' be a suspension of a CW-complex X' . Then the 
composite 

JiyiykX^"^) JX ^ jxc^) 

is a loop map, where Si = [[E, ■ ■ ■ , E] : X^''^ — >• JX is the l-fold Samelson product 
and \/i>kSi : J{\/i>kX^^^) — > JX is the homomorphism of topological monoids induced 
by Vi>kSi. 

Proof: Let p : J(Vi>fcX(')) ^ JX(*^) be the homomorph ism of topological monoids 
induced by the composite 

v,>,x(') JX ^ JX^^\ 

By Lemma 3.9, it suffices to show that 

for each n. Let j„ : Jn{\/i>kX'^^'') J {\/ i>kX''^'>) denote the inclusion and Pn ■ 
(Vi>feX('))'* Jn{Vi>kX^^^) the projection. Notice that 
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is a monomorphism for any space Y. It suffice to show that 

Now, by the sphtting theorem for E(V/>jfcX('))"', it suffices to show that 

PojnOPnO ^h-ln -HkO ^ l>kSl O O p„ O 

for all h, k,-- - X > k, where : X^^'^ x • • • x X^'") ^ (Vi>jkXW)'* is the 

canonical inclusion. Let be the subgroup of J(V/>jfcX('))] generated 

by X 1, • • • , Xn, where Xi is represented by the composite 

where is the projection and i is the injection. Consider the monomorphism 
q* : X • • • X XC"), J(V,>,X«)] ^ J(V;>fcX«)]. 

Then 

Q * ([in oPn O ^Xi-X2---Xn, 

where [/] is the homotopy class of /. Now consider the homomorphism 
Then 

By Theorem 3.8, 

n 
1=1 

Thus 

-f^fc O yi>kSl O j„ O p„ O O g ~ ^ O O p„ O O ^ 

and therefore 

Hk O yi>kSl O jn O p„ O ~ ^ O j„ O p„ O 

The assertion follows. 

Remark 3.11. When k — 2, this is Lemma 2.5 in [C2\. The homology view of this 
statement was given in [CT]. 

Proposition 3.12. Let X = EX' be a suspension of a CW-complex X' . Then the 
diagram 

JX(0 X JX ^'^^ JX 
0i [Hk 
JX^^) X JX('=) ^ JX('=) 

homotopy commutes for I > k, where (f) — Hk o Si x Hk and m is the multiplication. 
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Proof: Let -ft'n.m be the subgroup of [X"'+™, JXC) X JX] generated by 

and yi, ■ ■ ■ ,ym, where Xi and yj are represented by g^, : = (X')"- x X"* — >• 

JX(') X JX with 

■ ■ ■ ,anM, - ■ ■ ,hm) ^ Pi{ai) 

and 

rj(ai, • • • , On; 6i, • • • , = E{hj) 

for Os G and ht G X, where pi is the composite X' X^^^ JX'^^\ Let 
jj, : JX X JX — > JX be the mutiphcation. Consider 

^ o X id), : [X'*'+'", JX(') X JX] ^ JX]. 

Then /j, o {Si x id),{xi) = [[xj^+i, • • • , X(j+i)i] and no{Si x id),{yj) = Thus 



flo{SiX id),{Xi ■ ■ ■ Xn ■ yi ■ ■ ■ y-m) = (Yl[[Xil+l, ■ ■ ■ ■ Xnl+1 " ' ' Xnl+m- 

i=l 

By Theorem 3.8, 

HkOij,o{SiX id.)^{xi - ■ -Xn- yi - • -ym) 

n 

— (Y\_{.Hk)*[[Xii+i,- ■ ■ ,X{i^i)i]) ■ {Hk)*{Xnl+l - ■ ■ Xnl+m) 
i=l 

= //o ((iJfe o Si) X Hk)*{xi ■•■Xn-yi- ■■ym)- 

Thus 

Hk o fi{Si X id) o g„ „ ~ /X o ((Jffc o Si) X iJfe) o g„ 

where is the composite X"'+™ = (X')" x X™ ^ J„(X(')) x J„,X ^ JX^) x JX. 
Since : [J„(X(')) x J„X, fiF] [(X')" x X™,fiF] is a monomorphism, 

i/fe o ^(^i X id)\j^x(i)xj^x - ° ((^fe o Si) X Hk)\j^xWxJmX- 
The assertion foUows from Lemma 3.9. 

Notation 3.13. The map Lk.i : X^'^') JX(*^') is defined by 

Lk,i{xi AX2 A • • • A Xkl) = 

JJ {x^n A - ■• A x^ii A • • • A x^is A • • • A x^j, 

i<ii<-<ii=M,i<'f <-<'f =i« 

where ■ ■ • - ■ ■ ,li,--- , /^') rans over shuffles of {!,■ ■ ■ , kl) with left lexico- 
graphical oder. 

Let Lk^i : JX^^^^ J^'''-^ denote the homomorphism of topological monoids induced 
by Lk^i- 

Proposition 3.14. Let X = EX' be a suspension of a CW-complex X' . Then 

HioHk^ Lk,i o Hki : JX ^ JX^"'^ 
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Proof: Consider Kn Q [^", JX\. By Lemma 3.4, 

n 

i=i i<i{<-<il=j 

By Lemma 2.2, 

\x,n • ■ ■ ■ ■ ■ ■ • ■ / — 1 

'l 'fc '1 'fc 

if some ll" repeats. Thus 

n 

{Hi)^o{Hk)^{xi---Xn) = X\ XI {Xin\---\^in\---\x^n\---\x^n} 

^=^l<h<-<jl=3,l<l{'<-<li'=3s ' * 



■ ■ ■ \X,n • 


■ ■ \^ih 1 ■ ■ ■ 1' 




'i 


Thus 





and 

where p„ : X" — > J„X is the projection. Hence 

Hi o Hk\j„x — Lk,i o Hki\j^x 
for each n. The assertion follows. 

Remark 3.15. If X = T,X', the order of the product in the definition of Lk,i can he 
chosen in any way. 

Example 3.16. Let X = 5". Then L2,2 : = 5^" ^ J5^" is given by 

L2,2{xi A X2 A X3 A X4) = {x2 A A Xi A X4) ■ {xi A A 0:2 A X4) ■ {xi A 0:2 A 0:3 A X4) 
Thus L2,2 is of degree 2 + (—1)" and the diagram 

H^i [H2 

J gin J gin 

homotopy commutes. This coincides with the cohomology calculation. 
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4. Proof of Theorem 1.6 

Let X = EX' be the suspension of a space X'. Recall that The map /3„ : X^"^ — > 
is defined by induction 

Pn = Pn-1 A ici - (1, 2, • • • , n) o A id) 

and (32 = id — (12), where (1,2, • ■ ■ ,n) G S„ acts on X*^""-* by permutation of co- 
ordinates. Then Pn ° Pn = ( see [CW^]). If n ^ 0(p), we denote I/n(^) = 
hocolirrin-i p^X^"-^ localized at p for a prime p. 

Proo/ 0/ Theorem 1.6: Let = [[E,--- ,E] : X^ ^ JX be the n-fold Samel- 
son product. Then 5'„ factors through -L„(X) if n ^ 0(p), i.e. there a homotopy 
commutative diagram 

Xin) ^ JX 
i II 

L„(X) ^ JX. 

Denote S'„ : J(L„(X)) — > JX the homomorphism of topological monoids induced by 
Sn '■ Ln{X) — > JX. Let (p be the composite 

nr=iJ(L.,(x)) "4'=^- nr=i^^ JX, 

where HJLi is the weak infinite product. Notice that JX^") is {n — l)-connected if X 
is connected. Define t/j : JX — > H^i J{Lkj{X)) to be the composite 

JX n^'^- n~iJ^('^) ^ n°iiJ(^fe,(^))- 

It suffices to show that 

oo oo 

^^^o<p■.\{J{L,^{X))^]lJ{L,^{X)) 
is a homotopy equivalence. Consider 

oo oo 

^ o 0, : Pi/, n ALk,iX)) ^ PH, n JiLk.iX)), 

3=1 j=l 

where i/*(— ) = iJ*(— ;Fp) the homology with coefficients in the field Fp, the prime 
field with p elements. Notice that PH^U^=i J{Lk.{X)) ^ ®f^^PHJLk.{X). By 
Corollary 3.11, the composite 

oo oo 

(t)i^j : JX^^i^ ^ H JX^^i^ ^ JX ^ n JX^^^^ JX^'^*) 
is a loop map for ki < kj,i.e. i < j. Since kj is not a multiple of ki, 
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is zero for ki < kj [CT, Proposition 5.3]. Now the composite 

oo oo 

j=i j=i 
is a homotopy cqivalence [CW] . Thus the composite 

PH,JLk,{X) ^ ®f^^PH,JLk,{X) ®f^^PH,JLk,{X) ^ PH,J{Lk,{X)) 

is zero for i < j and an isomorphism for i — j, where tTj is the projection. To check 
that 

00 00 
V'oc/,, : 0P//,J(Lfe,(X)) ^ 0P//,J(Lfe.(X)) 

j=i 3=1 

is a monomorphism, suppose that 

(V'o0)^(afc + afc+iH ) = 

with ttk 7^ 0, where aj e PH^JLk.{X). Then 

TTfc o o 0)*(afc + ttk+i H ) = tt^ o o 0)*(afe) + X) ^fe o o 0)4%) 

i>fc 

= TTfc O (-0 O (j))*{ak) = TTfe O (-0 O 0)* O ife(afe) = 0. 

Thus Cfe = which is a contradiction. Thus "0 ° is a monomorphism and therefore 
an isomorphism for any finite CW-complex. Similarly, z/'o^ is a rational isomorphism. 
Thus ip o (j) is a. homotopy equivalence for any finite CW-complex X = EX'. Notice 
that any CW-complex is a homotopy colimit of finite CW-complexes. The assertion 
follows. 

CoroUciry 4.1. Let X — T^X' be a suspension of a CW-complex X' and let qi < 
q2 < ■ • ■ be all of the primes which are different from the prime p. Then 

oo 

JX c^l[jLg.{X)xl 

3=i 

localized at p. 

CoroUciry 4.2. There exists a space Zn+i so that 

oo 

QP"+i(2) ^ ( JJ QELp,(P"(2))) X 

i=i 

for n >3, where {pj} is the set of odd primes. 
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